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Abstract
We examine the least-squares estimator of change point for nonstationary I(d)d a t a
with 0.5 <d<1.5. We show that this estimator fails to locate the change point
consistently when a change occurs and that it would suggest a spurious change even
when there is none.
Keywords: least-squares estimator, change point, nonstationary I(d) process, spurious
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1 Introduction
Consistent estimation of change point(s) is an important issue in the studies of structural
changes. It is well known that the least-squares estimator (LSE) of a change point is
consistent for I(0) series with a mean change, yet it converges to the end-points of the
sample when a change is absent; see, e.g., Bai (1994) and Nunes et al. (1995). When
there is a change, Kuan and Hsu (1998) showed that the consistency result carries over to
stationary I(d) data (i.e., −0.5 <d<0.5). On the other hand, Nunes et al. (1995) and
Kuan and Hsu (1998) demonstrated that, for data that are I(1) or I(d)w i t h0<d<0.5,
the LSE would spuriously suggest a change point when there is none. This paper extends
the analysis of Kuan and Hsu (1998) to nonstationary I(d) processes with 0.5 <d<1.5.
It is shown that the LSE fails to locate the change point consistently when a change
occurs and that the LSE leads to a spurious change even when there is none.
This paper proceeds as follows. In Section 2, we review some existing properties of
the LSE of change point. The main results are presented in Section 3; the simulation
results are reported in Section 4. Section 5 concludes this paper.
12 The Change-Point Estimator for I(d) Processes
We consider the following data generating process:
yt =
 
µ1 + ηt,t =1 ,2,...,[Tτo],
µ2 + ηt,t =[ Tτ0]+1 ,[Tτo]+2 ,...,T,
(1)
where 0 ≤ [Tτo] ≤ T with [c] the integer part of the number c.W h e nµ1  = µ2, yt has a
mean change with the change point τo;w h e nµ1 = µ2, there is no change and τo =0o r
1. Let τ and τ be two constants such that 0 <τ< τ<1. For each hypothetical change





i=k+1 yt/(T − k). The LSE of τo is deﬁned as
ˆ τ =i n f{τ : τ =a r g m i n τ∈[τ,τ] RSS([Tτ])}, (2)
where RSS(k)=
 k
t=1 {yt − ˆ µ1(k)}
2 +
 T
t=k+1 {yt − ˆ µ2(k)}
2.
As in Granger and Joyeux (1980) and Hosking (1981, 1984), {ηt} is an I(d) (fraction-
ally integrated) process if (1−B)dηt is a stationary and invertible ARMA process, where
B is the back-shift operator, and d>−1m a yb ean o n - i n t e g e rs u c ht h a t
(1 − B)d =
∞  
j=0
  j  
k=1




It is well known that An I(d) process is stationary and invertiale when −0.5 <d<0.5,
but it is nonstationary when d>0.5.
Bai (1994) showed that ˆ τ converges in probability to τo when {ηt} is an I(0) process
with a mean change. This consistency result is extended to stationary I(d)d a t ab yK u a n
and Hsu (1998). When there is no change, ˆ τ behaves quite diﬀerently for diﬀerent data.
Nunes et al. (1995) demonstrated that, for I(0) data with no change, ˆ τ would converge
in probability to the set {0,1} when [τ,τ] is expanded to [0,1]. Yet, Nunes et al. (1995)
and Kuan and Hsu (1998) showed that, for I(1) data or I(d)d a t aw i t h0<d<0.5, ˆ τ
would suggest a sprious change when there is none.
3M a i n r e s u l t s
Given {yt} in (1), let λ = µ1 − µ2 and η∗
t = ηt + λ1{t>[Tτ o]},w h e r e1A be the indicator
function of the event A.W ec a nw r i t eR S S ( [ Tτ]) =
 T
t=1(η∗


























2It follows that ˆ τ =i n f {τ : τ =a r g m a x τ∈[τ,τ] T−αJT([Tτ])}, for any real number α.
We focus on the case that {ηt} is a nonstationary I(d) process with 0.5 <d<1.5.
Then, (1 − B)ηt = zt is a stationary I(d − 1) process with −0.5 <d<0.5. We require
zt obeying a functional central limit theorem, as stated in the assumption below; more
speciﬁc regularity conditions ensuring this assumption can be found in, e.g., Sowell (1990).
Let ⇒ denotes weak convergence (of associated probability measures) and Bd denote the









(τ − s)d − (−s)ddB0(s)
 
,
and Γ(·) is the Gamma function.
Assumption A For 0.5 <d<1.5, T−(d−0.5)  [Tτ]
t=1 zt ⇒ κBd−1(τ)o n[ 0 ,1], where κ is a
positive real number.
The result below shows that the weak limit of T−2dJT([Tτ]) is not aﬀected by the
presence of a mean change.
Theorem 3.1 Given that {ηt} is a nonstationary I(d) process with 0.5 <d<1.5 and












Thus, for [τ,τ] ⊂ (0,1), ˆ τ ⇒ argmaxτ∈[τ,τ] Ψd(τ).
This result indicates that ˆ τ loses consistency for nonstationary I(d) data with a mean
change because its limit does not depend on τo, in contrast with the consistency results
for stationary I(0) and I(d) data; cf. Bai (1994) and Kuan and Hsu (1998). When a
change is absent, this result is analogous to Theorem 3.3 of Kuan and Hsu (1998) for
stationary I(d) data.
To extend Theorem 3.1 when [τ,τ] is expanded to [0,1], we ﬁrst show that Ψd(τ)
would be a continuous function on [0,1] if we deﬁne Ψd(0) = Ψd(1) = κ2[
  1
0 Bd−1(x)dx]2.
Lemma 3.2 Ψd(τ) converges almost surely to Ψd(0) and Ψd(1) as τ → 0 and τ → 1,
respectively.
With Lemma 3.2, Theorem 3.1 carries over when [τ,τ]=[ 0 ,1].
Theorem 3.3 Given that {ηt} is a nonstationary I(d) process with 0.5 <d<1.5 and
(1 − B)ηt satisﬁes Assumption A, ˆ τ ⇒ argmaxτ∈[0,1] Ψd(τ), such that with probability
one, Ψd(0) = Ψd(1) < Ψd(τ) for all 0 <τ<1.
3Theorem 3.3 shows that Ψd can not attain the maximum at 0 or 1, so that the support
of the limiting distribution of ˆ τ is (0,1). Thus, ˆ τ must suggest a spurious change in the
sample when there is none. This problem is analogous to that discussed in Nunes et
al. (1995), Bai (1998), and Kuan and Hsu (1998).
4 Simulations
In our simulations, the data yt are generated according to (1). We set µ1 = µ2 =0
when there is no change, and µ1 =0 ,µ2 =1a n dτo =0 .5 when there is a change. To
generate a nonstationary I(d)p r o c e s sw i t h0 .5 <d<1.5, we ﬁrst generate a stationary
I(d−1) process Z following McLeod and Hipel (1978) and Hosking (1984), and compute
the I(d) process as ηt =
 t
i=1 zi. We consider the cases d =0 .7,1.0,1.3. The sample
size is T = 200; the number of replication is 50000. The empirical distributions of ˆ τ are
plotted in Figure 1, where the graphs on the left are the distributions when there is no
change and those on the right are the distributions when there is a change.
We ﬁnd that without a change, the values of ˆ τ do not cluster around 0 or 1, but have
a distribution on (0,1). This veriﬁes the spurious change problem. Given a mean change
at τo =0 .5, the distributions of ˆ τ do not concentrate on 0.5, showing inconsistency of ˆ τ.
Even for larger samples, the distributions of ˆ τ are qualitatively similar (the results are
not plotted to save space). Also, for a given d, the distributions of ˆ τ are virtually the
same, regardless of the presence of a change, as shown in Theorems 3.1 and 3.3.
5 Conclusions
This paper shows that the LSE of change point in nonstationary I(d) data is not prac-
tically useful. First, it is inconsistent when there is a change, in contrast with the case
of stationary I(d) data. Second, it suﬀers from the spurious change problem, as in I(1)
and stationary I(d) data.
Acknowledgement: The authors thank Chih-Chang Hsu for useful comments.
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When there is no change, η∗
t = ηt,s ot h a tT−2dJT([Tτ]) ⇒ Ψd(τ)o n[ τ,τ].
When µ1  = µ2, η∗































because T−(d+0.5)(T − [Tτo]) = 0. It is easily seen that these two limits also hold when






The assertion on ˆ τ now follows because ˆ τ maximizes T−2dJT([Tτ]).
P r o o fo fL e m m a3 . 2 :By Theorem A1 in Taqqu (1977), Corollary 3.2 in Mori and








5almost surely (a.s.). Let A denote the ω-set that (3) holds; then P(A)=1 .G i v e nt h a t
Bd−1(t) is symmetric relative to 0, then for each ω ∈ A and for all ε>0, we can ﬁnd a




  ≤ (1 + ε){ct2d−1 loglog(1/t)}
1
2 when t<δ .A n d f o r
all x>0, when t → 0, tx{loglog(1/t)}
1
2 → 0. Hence, when t is small,
   Bd−1(t;ω)
    ≤
√
c(1 + ε)(td− 1
2−x). By picking a small x such that γ = d − 1
2 − x>−1
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0 Bd−1(t)dt
 2 /τ = 0 a.s. Also, limτ→1(
  1
τ Bd−1(t)dt)2/(1 − τ)=0a . s .
This proves that Ψd(0) and Ψd(1) so deﬁned are indeed the almost sure limits of Ψd(τ).
Proof of Theorem 3.3: By continuity of Ψd on [0,1], it is easy to see that Theorem 3.1








with probability one. Similarly, we have Ψd(1) − Ψd(τ) < 0 with probability one.
6Figure 1: Empirical distributions of ˆ τ.
7References
Bai, J. (1994). Least squares estimation of a shift in linear processes, Journal of Time
Series Analysis, 15, 453–472.
Bai, J. (1998). A note on spurious break. Econometric Theory, 14, 663–669.
Granger, C. W. J. and R. Joyeux (1980). An introduction to long-memory time series
models and fractional diﬀerencing, Biometrika, 68, 165–176.
Hosking, J. R. M. (1981). Fractional diﬀerencing, Journal of Time Series Analysis, 1,
15–29.
Hosking, J. R. M. (1984). Modeling persistence in hydrological time series using fractional
diﬀerencing, Water Resources Research, 20, 1898–1908.
Kuan, C.-M. and C.-C. Hsu (1998). Change-point estimation of fractionally intergrated
processes, Journal of Time Series Analysis, 19, 693–708.
McLeod, A. I. and K. W. Hipel (1978). Preservation of the rescaled adjusted range. 1:
A reassessment of the Hurst phenomenon, Water Resourse Research, 14, 491–508.
Mori, T. and H. Oodaira (1986). The law of the iterated logarithm for self-similar process
represented by multiple Wiener integrals, Probability Theory and Related Fields , 71,
367–391.
Nunes, L. C., C.-M. Kuan, and P. Newbold (1995). Spurious break, Econometric Theory,
11, 736–749.
Sowell, F. B. (1990). The fractional unit-root distribution, Econometrica, 58, 495–505.
Taqqu, M. S. (1977). Law of the iterated logarithm for sums of non-linear functions
of Gaussian random variables, Zeitschrift fur Wahrscheinlichkeitstheorie und ver-
wandte Gebiete , 40, 203–238.
8N u m b e r    A u t h o r ( s )              T i t l e                                                 D a t e  
06-A007  Yu-Chin  Hsu        Change-Point Estimation of Nonstationary I(d) Processes        09/06 
          Chung-Ming  Kuan 
06-A006  Yuko  Kinishita        On the Role of Absorptive  Capacity:  FDI  Matters  to  Growth            08/06 
          C h i a - H u i   L u  
06-A005  Kamhon  Kan         Residential  Mobility  and  Social  Capital                      07/06 
06-A004  Kamhon  Kan         Cigarette  Smoking  and  Self  –Control                        07/06 
06-A003  林忠正              懲罰怠惰、流失人才                                    0 6 / 0 6  
06-A002  Shin-Kun  Peng        Spatial  Competition  in  Variety  and  Number  of  Stores           02/06 
         T a k a t o s h i   T a b u c h i  
06-A001  Mamoru  Kaneko       Inductive  Game  Theory:  A  Basic  Scenario                    01/06 
J. Jude Kline 
05-A011  Amy  R.  Hwang        An  Ecological-Economic Integrated General Equilibrium Model    12/05 
05-A010  Juin-jen  Chang         A  “Managerial”  Trade  Union  and  Economic  Growth           12/05 
         M i n g - f u   S h a w  
         Ching-chong  Lai 
05-A009  Lin-Ti  Tan            Spatial  Economic  Theory  of  Pollution  Control  under  Stochastic  10/05                      
Emissions 
05-A008   Kamhon  KAN        Entrepreneurship  and  Risk  Aversion                        10/05 
         W e i - D e r   T S A I  
05-A007   江豐富             台灣縣市失業率的長期追蹤研究—1987-  2001               08/05 
05-A006   Shin-Kun  Peng,       Economic  Integration  and  Agglomeration  in  a  Middle          06/05 
          Jacques-Francois  Thisse  Product  Economy 
Ping Wang 
05-A005   譚令蒂             論藥價差                                              0 5 / 0 5  
          洪乙禎 
          謝啟瑞  
05-A004   Lin-Ti  Tan           Spatial  Monopoly  Pricing  in  a  Stochastic  Environment          05/05 
          Y a n - S h u   L i n  
05-A003   Been-Lon  Chen       Congestible  Public  Goods  and  Indeterminacy  in  a              03/05 
Shun-Fa  Lee          Two-sector  Endogenous  Growth  Model* 
05-A002   C.  Y.  Cyrus  Chu      The  Optimal  Decoupled  Liabilities:  A  General  Analysis          02/05 
Hung-Ken Chien 
05-A001   Cyrus  C.Y.  Chu       Durable-Goods  Monopolists,  Network  Effects  and              02/05 
Hung-Ken  Chien      Penetration  Pricing 
04-A015   Been-Lon  Chen       Multiple  Equilibria  in a Growth Model with Habit Persistence          11/04 
04-A014   C.  Y.  Cyrus  Chu      A  New  Model  for  Family  Resource  Allocation  Among           05/04 
R.  R.  Yu             Siblings:  Competition,  Forbearance,  and  Support    
Ruey S. Tsay 
  1 
 
04-A013   C.  Y.  Cyrus  Chu      Transmission  of  Sex  Preferences  Across  Generations:            05/04 
Ruey  S.  Tsay         The  Allocation of Educational Resources Among Siblings 
H u o y i n g   W u             
             
04-A012  C.  Y.  Cyrus  Chu       Children  as  Refrigerators:  When  Would  Backward           05/04 
Altruism Appear? 
0 4 - A 0 1 1   M a r c u s   B e r l i a n t         W e l f a r e   A n a l y s i s   o f   Number  and  Locations  of  Local             05/04  
         Shin-Kun  Peng         Public  Facilities 
         P i n g   W a n g  
04-A010  Daigee  Shaw          Assessing  Alternative  Policies  for  Reducing  Household          03/04 
         Y u e - M i   T s a i            W a s t e   i n   T a i w a n   
04-A009  Daigee  Shaw          A  Probabilistic  Risk  Analysis  for  Taipei  Seismic  Hazards:        03/04 
         Chin-Hsiung  Loh       An  Application of HAZ-Taiwan with its Pre-processor and   
         C h i n - H s u n   Y e h          P o s t - p r o c e s s o r      
         W e n - Y u   J e a n   
         Y e n - l i e n   K u o  
04-A008  Yu-Lan  Chien          A  General  Model  of  Starting  Point  Bias  in  Double-Bounded      03/04 
          Cliff  J.  Huang         Dichotomous  Contingent  Valuation  Surveys 
          D a i g e e   S h a w  
 04-A007  鍾經樊              財富在不同時期對台灣消費行為的影響：                 0 2 / 0 4       
詹維玲              多變量馬可夫結構轉換模型的應用     
          張光亮 
04-A006  Chun-chieh  Huang     Working  Hours  Reduction  and  Endogenous  Growth            02/04        
Ching-Chong  Lai        
          J u i n - J e n   C h a n g         
04-A005  Juin-Jen  Chang        On  the  Public  Economics  of  Casino  Gambling                 02/04           
          Ching-Chong  Lai        
          P i n g   W a n g    
04-A004  Ming-Fu  Shaw         Interest  Rate  Rules,  Target  Policies,  and  Endogenous           02/04        
Shu-Hua  Chen         Economic  Growth  in  an  Open  Economy 
          Ching-Chong  Lai 
          J u i n - J e n   C h a n g   
04-A003  Po-Hsuan  Hsu         Re-Examining  the  Profitability  of  Technical  Analysis         02/04         
         Chung-Ming  Kuan      with  White’s  Reality  Check 
04-A002  Kamhon  Kan          Obesity  and  Risk  Knowledge                              01/04 
         W e i - D e r   T s a i  
  2